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set
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get
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ª
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getj;k = �x : � j :
379:6
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)5>

l in hl in hx1; : : : ; x2n i ; x2k � 1; x2k ; setj;k i
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359
6
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)5>
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6

hx1; : : : ; x2n i = x
)7>

l in hx1; : : : ; x2k � 2; y1; y2; x2k+1 ; : : : ; xn i

[[` j;k ]] = getj;k
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?C9
6

[er gn ](eptr :n)]] =
359
6

xr gn = [[er gn ]]
)5>�359
6

xget = [[eptr ]]
)7>

359
6

hx0
r gn ; x1; x2; xset i = xget xr gn

)7>

l in hx0
r gn ; xn i
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+J9:6

[er gn ](eptr :n  eval )]] =
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6

xr gn = [[er gn ]]
)7>�359
6

xget = [[eptr ]]
)7>
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6

hx0
r gn ; x1; x2; xset i = xget xr gn
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6
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[[` j;k ]]
),+ƒ.#´µA4>

ª
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´µ9;'*9;>

ª
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¼®%49&¶('*9;¯b)5¬CA�+Ž+*9
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6�)7¬h>

K

+�9;>

ª

¬’D’)5>4?}¬B´(¶¦¬C)5>b6*9:'Y¬C¶¦9:'_.|6�)7¬h>(+G),+Y>4¬B6‡¶(.C'J6�)

ª

A435.C'*35°–9

©«ª

)59:>b6;·

¼®%49«±X¬h+J6#¬CA46*'_.B?C9;¬CA(+y)5>49

©@ª

)79;>

ª

°�),+S6*%(9³0®.1°‰6*%(9

get
.B>(D

set
´µA(>

ª

6�)7¬h>(+	6�'*9U.|6#.

'*9;?C)5¬C>XÙ 9;.

ª

%«'�9;.CD³¬C'f0�'*)76*9}´µ'�¬C± .#'�9:?h)7¬h>³D’9U.B3537¬

ª

.B6*9U+&.C>(D«'�9;.C3735¬

ª

.|6�9;+‘6*%49–9:>b6*)5'�9

'*9;?C)5¬C>G·

�

.|6�%49:'�6*%�.B>#A�+J)5>4?y.ƒ35)7>49U.B'�6*A4¶(379®¬B´�'*9;?C)5¬C>S¯|.B35A49;+;<U6*%4),+‡+J9

ª

6�)7¬h>#A(+*9;+Y./35)5>49;.C'

6*A4¶4359S¬B´

capabilities
6*%�.|6ƒ¶4'�¬|¯v)5D’9S.

ª:ª

9U+*+&6*¬@'�9:?h)7¬h>³¯|.B35A49U+:Óv6�%49S'*9;?C)5¬C>�¯1.C37A(9;+�>4¬|0

'*9U+J),D’9y)7>².�?C35¬C2�.B3q±X9:±X¬C'�°

M
<’)5>(D’9
Å’9UD�2v°«)5>b6*9;?C9:'�0f¬C'_D³.hD4D’'�9;+�+J9U+:·

¼®%49…¬h>437°I¬h¶�9;'�.B6*)5¬C>(+³¬C>

M
.B'�9‰35¬h.CDº.B>(D»+Q6�¬C'�9…9
Å’¶4'�9;+�+*)7¬h>(+:·&ÍO>»¶(.C'J6�)

ª

A43,.B'U<

6*%49;'*9#.C'*9S>(¬³24A4)5376J­‚)7>‰.C3735¬

ª

.|6�)7¬h>‰.B>(D²D49;.B3535¬

ª

.|6�)7¬h>F¬h¶�9;'�.B6*)5¬C>(+ƒ¬C>

M
Ó�.C3735¬

ª

.B6*)5¬C>¹)5+

24A4)53[6}´µ'*¬h±Ã35¬h.CD¹.C>(D²+Q6�¬C'�9S¬C¶¦9:'_.|6�)7¬h>(+ %›´µ¬h'/9
Å4.C±�¶(379h<(+J9;9y6*%49

ª

¬h±�¶�.B>4)5¬C>�6*9

ª

%4>4)

ª

.B3

'*9;¶�¬h'J6UÆ $1È�´µ¬C'”.C>X9:>

ª

¬vD4)7>4?#¬B´{.S37)5>49U.B'€´µ'�9:9�35)5+J6”)5>X6*%49ƒ6�.B'�?C9:6‘35.C>4?CA�.B?C9 '•·C¼®%(9�9
Å’¶4'�9;+J­

+J)5¬C> G1+Q6�¬C'�9

[emem ](eptr  eval ) I

¶43,.

ª

9;+y.F¯1.C37A(9

eval
)5>h6�¬F6*%49@±X9:±X¬h'*°….B6S)7>b6*9;?C9;'

.CD4D’'�9;+�+

eptr
·B¼®%49�9
Å’¶4'�9;+�+*)7¬h>&GU35¬h.CD

[emem ](eptr ) I

6_.B½C9U+‡.B>X)7>b6�9:?C9;'€.CD4D’'�9;+�+

eptr
.C>(D

¶4'*¬’D’A

ª

9;+f6�%49S¯|.B35A49y%49:3,DF)7>F6�%(.|6/.hD4D’'�9;+�+:·




.B35A49;+�)7>Ð±X9:±X¬C'�°—±X.1°�%(.1¯h9�D’)��¦9;'*9;>b6#6Q°v¶�9U+X.|6�D4)��q9:'�9:>b6�6*)5±�9U+:Ó‡)5>À¬h'�D’9;'	6�¬

½b>(¬|0 6*%49®6Q°v¶¦9

� val
¬B´q.}¯|.C37A49®'�9
6�A4'*>(9;D�2b°	.–35¬h.hD#¬h¶�9;'�.B6*)5¬C>G<U6*%(9f¶('*¬h?C'_.B±Ø¶4'�¬|¯v)5D’9U+

.

ª

.C¶(.B2()735)[6Q°

emem
<¦¬B´€6Q°v¶¦9

� ptr 7! � val
<¦0�%4)

ª

%…)5+}9:¯v),D’9:>

ª

9	6�%(.|6–±�9;±X¬C'�°F.hD4D’'�9;+�+

� ptr
ª

A4'�'*9;>h6�37°¹%4¬h35D(+–.³¯|.B35A49�¬C´”6Q°v¶¦9

� val
·{¼Ž¬F9:>(+*A4'�9#6�%(.|6y35¬h.CD(+}D’¬F>4¬C6–A(+*9X+Q6_.B359

ª

.B¶�.B24)537)76*)59;+‡0�)76*%@¬hA’6J­‚¬B´›­OD4.B6*9®)7>4´µ¬C'�±X.B6*)5¬C>G<|±X9;±�¬h'*°

ª

.B¶�.B24)537)76*)59;+€.C'*9®35)7>(9;.B'U<B+*¬y6*%(.B6

9;.

ª

%¹±X9:±X¬h'*°�¬C¶¦9:'_.|6*)5¬C>

ª

¬C>(+*A4±X9;+®6�%49

ª

A4'�'*9;>h6

ª

.B¶(.C24)537)76Q°«´µ¬h'/.@±X9:±X¬C'�°³35¬

ª

.B6*)5¬C>

.B>(DX¶4'�¬’D’A

ª

9;+‘.S>(9:0

ª

.C¶(.B24)535)[6Q°#´µ¬C'€6�%49/±X9:±X¬h'*°�37¬

ª

.B6*)5¬C>G·h¼®%4)5+”37)5>49U.B'�)[6Q°�)5+‘6*%49}½C9:°

6*¬«+�.|´µ9	D’9U.B3537¬

ª

.B6*)5¬C>GÓ’0�)76*%¹6�%49S'�9:?C)5¬C>F9:>

ª
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ª
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ª

6�)7¬h>G<’´µ¬h'

9
Å4.B±X¶4359C<B.y¶4'�¬C?h'�.C±

ª

.B>@D’9U.B3537¬

ª
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ª
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ª
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$
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6Q°b¶¦9‰)5>b6;<f0&9‰?h)7¯h9

)[6«6Q°v¶¦9‰ÍO>b6
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ª
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±�9;>b6*)5¬C>49UD—)7>�6*%(9
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.C¶(.B24)535)[6Q°…6Q°b¶¦9

� ptr 7! � val
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I
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[xmem ](6)
),+y>4¬B6U·¦H�9@.B3,+J¬�9
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(� ); � y i :
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6

hxmem ; xptr ; yval i = z
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hx0
mem ; xval i =

35¬h.hD
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)7>
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6

x00
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l in hx00
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M
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non
1

·�$f.B¶(.C24)735)76*)59;+&¬B´G6Q°v¶¦9

� ptr 7! � val
.B'�9/¶4A4'�9:35°«+J6�.|6�)

ª
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ª
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ª
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0

·
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<€9U.

ª
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.B¶4¶¦9;.C'�+�)5>Ð9;)[6�%49:'

	 1
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	 2
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ª

6*35°²¬C>49

ª
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ª
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ª
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ª
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I
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ª
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n 7! � val
)7>F6*%(9S9:>v¯v)7'�¬C>4±X9;>h6

	 = f n 7! � val g
·
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�
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��W^]
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	��ZM_��R\�!�
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d

kinds � =
�
n j in t

types � = : : : j 8� : �:� j 9� : �:� j nonh�!� i

j � 1 7! � 2 j 0 j succ(� ) j
ÍO>h6

(� )

expressions e = : : : j nonh�!e i j 0 j succ(e) j
´•.

ª

6

j �� : �:v j e�

j
¶(.

ª

½

[� 1; e]
.C+

9� : �:� 2 j
A4>(¶(.

ª

½

�; x = e1
)5>

e2

j
37¬b.CD

[emem ](eptr ) j
+J6*¬h'*9

[emem ](eptr  edata )

values v = : : : j �� : �:v j
¶(.

ª

½

[� 1; v]
.C+

9� : �:� 2

j nonh�!v i j 0 j succ(v) j
´•.

ª

6

memory M = f : : : ; n 7! v; : : :g

memory typeenv 	 = f : : : ; n 7! � ; : : :g

�



combinedenv C = � ; 	 ; � ; � where
non
C = � ; fg ; � ;

non ( � )
�

���������	��

����

����� )5>b6

= 9� : in t :
ÍO>h6

(� )
���������	��

����

�����

� + 0 = � ; � + 1 = succ(� ); � + 2 = succ(succ(� )) ; : : :
���������	��

����

�����

e+ 0 = e; e + 1 = succ(e); e+ 2 = succ(succ(e)) ; : : :

� ` � 1 :
� 1
n1 � ` � 2 :

� 2
n2

� ` � 1 ! � 2 :
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Ç

�; � 7! � ` � :
�
n

� ` 8� : �:� :
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n

�; � 7! � ` � :
�
n

� ` 9� : �:� :
�
n

� ` � 1 :
� 1
n1; : : : ; � ` � k :

� k
nk n = n1 + : : : + nk

� ` � h� 1; : : : ; � k i :
�
n

� ` � : in t

� `
ÍO>b6

(� ) :
non

Ç

� ` � 1 : in t � ` � 2 :
non

Ç

� ` � 1 7! � 2 :
lin

Ë

� ` 0 : in t
� ` � : in t

� ` succ(� ) : in t

C ` e :
ÍO>h6

(� )
C ` succ(e) :

ÍO>b6

(succ(� ))
C ` e1 : 8� : �:� 1 C ` � 2 : �

C ` e1 � 2 : [�  � 2]� 1

C; � 7! � ` v : �
C ` �� : �:v : 8� : �:�

C ` e : [�  � 1]� 2 C ` � 1 : � C ` 9� : �:� 2 :
�
n

C ` (
¶(.

ª

½

[� 1; e]
.C+

9� : �:� 2) : (9� : �:� 2)

C1 ` e1 : (9� : �:� 1) C2; � 7! �; x 7! � 1 ` e2 : � 2 C2 ` � 2 :
�
n

C1; C2 ` (
A4>(¶(.

ª

½

�; x = e1
)5>

e2) : � 2

C1 ` e1 : � 1 : : : Ck ` ek : � k

C1 ` � 1 :
non
n1 : : : Ck ` � k :

non
nk

(C1; : : : ; Ck ) ` nonhe1; : : : ; ek i : nonh� 1; : : : ; � k i

Ca ` ea : � h� 1; : : : ; � k i Cb; x1 7! � 1; : : : ; xk 7! � k ` eb : � b

Ca ; Cb `
379:6

hx1; : : : ; xk i = ea
)5>

eb : � b

Cmem ` emem : � addr 7! � data Cptr ` eptr :
ÍO>b6

(� addr )
Cmem ; Cptr `

37¬b.CD

[emem ](eptr ) : l in h(� addr 7! � data ); � data i

Cmem ` emem : � addr 7! � data

Cptr ` eptr :
ÍO>h6

(� addr )

Cdata ` edata : � 0
data Cdata ` � 0

data :
non
1

Cmem ; Cptr ; Cdata `
+Q6�¬C'�9

[emem ](eptr  edata ) : � addr 7! � 0
data

non
C ` 0 :

ÍO>b6

(0)
non
C ; n 7! � `

´•.

ª

6

: n 7! �

Ö



� 	�¢c*G¡�¥{§Q¢”Ÿ8.

�–)7¯h9:>�+*9

ª

6�)7¬h>�Ü

K

+«+*A4¶4¶¦¬C'*6«´µ¬C'«±X9;±�¬h'*°

ª

.C¶(.B2()735)[6�)79U+:<”0&9

ª

.B>Ñ'�9:¯v)5+*)76�+J9

ª

6�)7¬h>»Ì

K

+

6*'_.B>(+*35.B6*)5¬C>X¬B´Ž.	'*9;?C)5¬C>�6Q°v¶�9

' j
·

�

.|6�%49:'”6*%(.C>X6*'_.B>(+*3,.|6*)5>4?S)5>b6*¬�.S6*A4¶4359
­‚¬B´›­‚±X9:±X¬C'�°b­

¯1.C37A(9;+}6Q°v¶�9

[[' j ]] = l in h[[� j; 1;1]]; [[� j; 1;2]]; : : :i
<G.C+–)5>�+*9

ª

6*)5¬C>—Ì’<{0f9#6�'�.C>(+J3,.|6�9�)76S)7>b6�¬

.…6�A4¶4359
­‚¬B´›­‚±X9:±X¬C'�°b­

ª

.B¶(.C24)735)76*)59;+S6Q°v¶¦9C·”Ä(¬C'X9;.

ª

%À¶(.C)7'

hvj;k ;1; vj;k ;2 i
)5>

H
<

ª

%4¬v¬h+*9

A4>4) JhA(9#)5>h6�9:?h9:'/.hD4D’'�9;+�+J9U+

nj;k ;1
.B>(D

nj;k ;2
6�¬«%4¬C3,D¹6�%49	¯|.B35A49;+

vj;k ;1
.B>(D

vj;k ;2
<¦+*¬

6*%(.B6

nj;k ;2 = n j;k ;1 + 1
·C¼®%(9ƒ'*9;?C)5¬C>�6Q°v¶�9/±X.C¶(+€6�%49/¶�.B)5'”.CD4D4'*9U+*+*9;+‡6�¬S6*%(9ƒ¶(.B)5'‘Ï�9:3,D

6Q°b¶¦9;+;¿

[[' j ]] = l in hn j; 1;1 7! [[� j; 1;1]]; nj; 1;2 7! [[� j; 1;2]]; nj; 2;1 7! [[� j; 2;1]]; nj; 2;2 7! [[� j; 2;2]]; : : :i

�

¬h)7>b6�9:'{6Q°v¶¦9;+

h� 1; � 2 i @� r
.C'*9€+J6*)5373C6*'_.B>(+*3,.|6*9UD–)7>b6*¬ƒ´µA4>

ª

6�)7¬h>y6Q°v¶�9U+:<
2(A’6Ž6�%49€´µA4>

ª

6*)5¬C>(+

>4¬�35¬C>(?C9:'�¶�9;'J´µ¬h'*± .

ª

6�A(.B3f'*9U.CD4+�.B>�D 0�'*)76*9U+�6*¬�±�9;±X¬C'�°C·YÍO>(+Q6�9;.hD{<�9U.

ª

%À´µA4>

ª

6�)7¬h>

±�9;'*9;37°Ð'*9:6*'�)79;¯C9U+

ª

.B¶�.B24)537)76*)59;+


 7! [[� 1]]; 
 + 1 7! [[� 2]]
<”0�%49;'*9



),+X6�%49….CD(D’'*9U+*+

ª

¬C>b6_.B)5>49;D�)5>X6*%49ƒ¶¦¬C)5>b6*9;';<C´µ'*¬h± 6*%(9ƒ%49;.C¶X6Q°v¶�9

� r
·b×’)7>

ª

9�6*%(9

ª

.C¶(.B24)535)[6�)79U+‘.B'�9�37)5>49U.B'U<

.@´µA4>

ª

6*)5¬C>

ª

.B>(>4¬B6–'*9:6*A4'�>‰2¦¬B6*%�.

ª

.B¶(.C24)735)76Q°�´µ'�¬C±

� r
.B>(D�.B353�¬C´

� r
<{.h+ƒ6�%4)5+–0f¬CA43,D

'*9�JhA()7'�9

ª

¬C¶v°v)7>4?¹.�37)5>49;.C'y¯1.C37A(9C·qÍO>(+J6*9;.hD{<q6*%(9�¶('*¬h?C'_.B±

ª

.B353,+}¬h>49�´µA4>

ª

6�)7¬h>…6�¬²+J¶435)76

� r
)7>b6*¬�¶4)59

ª

9;+H%›6�%49

ª

.B¶�.B24)537)76*)59;+


 7! [[� 1]]; 
 + 1 7! [[� 2]]
.B>(D

�
<’0�%4)

ª

%

ª

¬h>b6�.B)5>(+&6*%(9

'*9U+Q6/¬C´

� r
'
<�.B>�D

ª

.B353,+ƒ.«+*9

ª

¬h>(D�´µA4>

ª

6*)5¬C>¹6*¬	ÁQ¬C)5>¹6*%49�¶4)79

ª

9U+�2(.

ª

½³6*¬h?C9
6�%49:'/6*¬X´µ¬h'*±

� r
¿

[[h� 1; � 2i @� r ]] = 9� :
lin

Ë

:9
 : in t :nonh
ÍO>b6

(
 ); � split ; � j oin i
where� split = [[� r ]] ! l in h� ; 
 7! [[� 1]]; 
 + 1 7! [[� 2]]i
where� j oin = l in h� ; 
 7! [[� 1]]; 
 + 1 7! [[� 2]]i ! [[� r ]]

�

¬B6�)

ª

9/6�%(.|6®6�%49–´µA4>

ª

6�)7¬h>(+

� split
.B>(D

� j oin
9
Å’),+Q6ƒ+*¬C359:35°�6�¬X±X.C>4)5¶4A43,.|6*9

ª

¬C±X¶4)5379:­

6*)5±�9

ª

.B¶(.C24)537)76*)59;+/Ù 6�%49:)5'S'*9:6*A4'�>�¯1.C37A(9;+y.B'�9X¬B´&½v)5>(D

lin
0

.C>(D�.C'*9�6�%bA�+y9:'_.C+*9;D‰2¦9
­

´µ¬C'�9«'*A(>’­=6�)7±X9h·�ÍO>À´•.

ª

6U<Ž6�%49:'�9

K

+	>(¬…'�9;.C+*¬C>�6�¬�.

ª

6*A(.C3735°

ª

.B353&6*%49³´µA4>

ª

6�)7¬h>(+X.|6�'*A4>4­

6*)5±�9h·C¼�¬}´µ¬h'*±@.C37)58:9&6*%4),+‡¬C¶46*)5±�)58;.B6*)5¬C>G<16�%4),+‘+J9

ª

6�)7¬h>#)5>h6�'*¬’D’A

ª

9;+6�����
���
	��
� ��V
�<���
����	��
���

G

ª

¬v9:'

ª

9

(e) I

<U0�%4)

ª

%S9
Å’)5+J6Ž¬h>437°/6*¬ƒ¶¦9:'*´µ¬C'�±¾¬C¶¦9:'_.|6*)5¬C>�+{¬C>

ª

.B¶(.C24)735)76*)59;+;<:.B>(DS.C'*9€9;'�.h+J9UD

2�9:´µ¬C'�9	'*A(>’­=6�)7±X9h·(ÍO>²¬C'_D’9;'�6*¬«9;>(+*A4'*9	6*%(.B6/9:'_.C+*)7>(?

ª

¬v9:'

ª

9

(e)
ª

.BA�+J9U+ƒ>4¬

ª

%(.C>4?C9U+®6*¬

6*%49S¶4'�¬C?h'�.C±

K

+&'*A(>’­=6�)7±X9y2¦9:%(.1¯v)5¬C'U<

e
±#A(+J6/+*.B6*),+Q´µ°«6*%4'�9:9y'�9;+J6*'�)

ª

6*)5¬C>(+;¿v)[6ƒ±�A(+Q6�%(.1¯h9

½b)5>(D

�
0

<’)76®±�A(+J6®>(9:)76*%49;'�37¬b.CD«>(¬C'�+Q6�¬C'�9ƒ6�¬�±X9;±�¬h'*°h<’.B>(D{<v6�¬�9;>(+*A4'*9}6*9;'*±X)5>(.|6�)7¬h>G<’)76

±#A(+J6	>4¬B6

ª

.B353”.B>v°¹´µA4>

ª

6*)5¬C>(+;·Ž¼®%49X6Q°v¶4)5>4?¹'�A4379U+y9:>’´µ¬h'

ª

9�6*%49U+J9@'�9;+J6*'�)

ª

6*)5¬C>(+–2v°…9:Åv­

6*9:>�D’)7>(?X6*%49

ª

¬C>b6*9:Åb6

C
0�)[6�%².�>(9:0¾9:>v¯v)7'�¬C>4±X9;>h6

�
<4D’9
Ï(>(9;D�6*¬X2¦9

)
´µ¬C'

ª

¬b9;'

ª

)7¬h>

9
Å’¶4'�9;+�+J)5¬C>(+/.B>(D

!
´µ¬h'/¬C'_D’)5>(.B'�°F9
Å’¶4'�9;+�+J)5¬C>(+;·(Ä(¬C'–9
Å4.B±X¶4359C<(6*%49�'*A(379#´µ¬C'}´µA4>

ª

6�)7¬h>

ª

.B353,+®2�9

ª

¬C±X9U+:¿

Cf ; !` ef : � a ! � b Ca ; !` ea : � a

(Cf ; Ca); !` ef ea : � b

Í‚´

C = � ; 	 ; � ; � ; �
<q6*%49;>�0f9@D’9
Ï�>49

C; � 0 = � ; 	 ; � ; � ; � 0<G+*¬F6*%(.B6S6*%49@9:Åv­

¶4'*9U+*+*)5¬C>

ef ea
+*%4¬|0�>».C2�¬|¯h9‰6Q°v¶¦9
­

ª

%49

ª

½’+�¬C>435°Ñ)7> .À>(¬C>’­

ª

¬v9:'

ª

)5¬C>I9;>v¯b)5'�¬C>4±X9:>b6U·

¼®%49«'�A4379U+S´µ¬h'	37¬b.CD .C>(D—+Q6�¬C'�9«.B'�9³.B3,+J¬²±X¬’D’)7Ï(9;D�6�¬‰'�9SJbA4)5'*9«.¹>4¬h>’­

ª

¬v9:'

ª

)5¬C>—9:>v¯v)7­

'*¬h>4±X9:>b6;¿¦37¬b.CD

K

+

ª

¬C>b6�9
Åv6}±�A(+Q6y2¦9

(Cmem ; Cptr ); !
<{.B>(D�+Q6�¬C'�9

K

+

ª

¬C>b6*9:Åb6y±#A�+Q6y2�9

(Cmem ; Cptr ; Cdata ); !
·

Ê



×v)7>

ª

9

ª

¬b9;'

ª

)7¬h>(+	D’¬�>4¬B6�9
Å’9

ª

A’6*9F.|6#'�A4>’­m6*)5±X9³)5>É.‰'�9;.B3”)7±X¶4359:±X9:>b6_.|6*)5¬C>Ž<Ž6�%49:°

ª

.B>Ð2�9¹6�%4¬CA(?C%b6�¬C´–.h+�.—+*±@.B353f35¬C?h)

ª

3,.B>4?hA(.B?h9³'_.|6*%(9:'�6*%(.C>Ò.�¶4'�¬C?h'�.C±�±X)5>4?…3,.B>4­

?CA(.C?C9C·4Ä(¬C'�9:Å’.C±X¶4379h<(.�6*A4¶(379	¬C´

ª

.B¶(.C24)537)76*)59;+

l in h� 1; � 2 i
ª

¬C'�'�9;+*¶�¬h>(D4+&6*¬X6�%49S37¬h?C)

ª

.C3

ª

¬C>BÁQA4>

ª

6�)7¬h>X¬B´

� 1
.B>(D

� 2
·C¼®%49�+*°b>b6_.|Å�.C>(D�'*A4359;+€+*%4¬|0�>�2�9;37¬|0Ð9
Åv6*9;>(D�6*%49�3,.B>(?CA(.C?C9

0�)[6�%F)5±X¶435)

ª

.|6*)5¬C>

� 1 ) � 2
.B>(D¹D’),+•ÁQA4>

ª

6�)7¬h>

� 1 _ � 2
·�Ä4¬C'�9:Å4.B±X¶4359C<v6*%(9S9
Å’¶4'�9;+�+J)5¬C>

�x : l in h� 1; � 2i ) (
359
6

hx1; x2i = x
)7>

l in hx2; x1i )
%(.C+”6Q°v¶�9

l in h� 1; � 2i ) l in h� 2; � 1 i
·vH�9yA(+*9ƒ´µA(>

ª

6�)7¬h>

ª

¬C±X¶�¬b+J)76*)5¬C>

e1 � e2
'�.B6*%49;'

6*%(.C>º´µA(>

ª

6�)7¬h> .B¶4¶435)

ª

.|6�)7¬h>»6�¬I24A4)535D )5±X¶435)

ª

.|6*)5¬C>�+F´µ'*¬h± ¬B6�%49:'²)5±X¶435)

ª

.|6*)5¬C>�+:·/¸/3[­

6*%4¬hA4?C%�2�.B>4>4)5>4?À´µA4>

ª

6�)7¬h>º.C¶4¶435)

ª

.|6*)5¬C>�+«)5>(+J),D’9

ª

¬v9:'

ª

)5¬C>I9:Åv¶('*9U+*+*)7¬h>(+«),+

ª

'�A(D’9C<f)76

)5+f6�%49S+J)5±X¶4379U+Q6�0®.1°�6*¬X9:>(+*A4'�9

ª

¬v9:'

ª

)5¬C>«6�9:'�±X)7>(.B6*)5¬C>�0�%4)7359S+Q6�)7353G.B3535¬|0�)7>4?

ª

¬v9;'

ª

)7¬h>(+

6*¬—±@.B>4)5¶4A43,.|6�9²'*9

ª

A4'_+J)5¯C9³6Q°v¶�9U+:·‘¸ +*)7±X¶4359²)5>(D’A

ª

6*)5¯C9².B'�?CA4±X9;>h6@+*A

©«ª

9;+�6�¬ ¶4'�¬|¯C9

6*%(.B6ƒ)[´

(C; ) ) ` e : �
<46*%49;>�6�%49S9:¯|.C37A(.B6*)5¬C>F¬B´

e
%(.C3[6_+®)7>².�Ï(>4)76*9S>vA4±�2�9;'ƒ¬B´‡+Q6�9:¶(+;·

L

�
�NMO���P�!�Q�>M
R��SMO�T��"Q���U��V�WX�N"��Y	��ZM[��R\�!�
��W^]
	��<�
	��ZM_��R\�!�
�E`a���Q������d

types � = : : : j � 1 ) � 2 j � 1 _ � 2

expressions e = : : : j
ª

¬b9;'

ª

9

(e) j �x : � ) e j e1 � e2

j
D’),+µÁ n

� 1 _ � 2
(e) j

ª

.C+*9

e0
¬C´

x1:e1
¬C'

x2:e2

values v = : : : j �x : � ) e j v1 � v2 j
D’),+•Á n

� 1 _ � 2
(v)

coercion env � = ! j )

combinedenv C = � ; 	 ; � ; � ; � where
non
C = � ; fg ; � ;

non ( � )
� ; �

���������	��

����

�����

� 1 , � 2 = nonh� 1 ) � 2; � 2 ) � 1i

� ` � 1 :
� 1
n1 � ` � 2 :

� 2
n2

� ` � 1 ) � 2 :
non

Ë

� ` � 1 :
�

Ë

� ` � 2 :
�

Ë

� ` � 1 _ � 2 :
�

Ë

Cf ; !` ef : � a ) � b Ca ; !` ea : � a

(Cf ; Ca); !` ef ea : � b

C1 ` e1 : � b ) � c C2 ` e2 : � a ) � b

C1; C2 ` e1 � e2 : � a ) � c

C; )` e : � C ` � :
�

Ë

C; !`
ª

¬v9:'

ª

9

(e) : �

non
C ; x 7! � a ; )` e : � b

non
C ` � b :

�
Ë

non
C ` (�x : � a ) e) : � a ) � b

C ` e : � n C ` � 1 _ � 2 :
�

Ë

C `
D’)5+•Á n

� 1 _ � 2
(e) : � 1 _ � 2

Ca ; )` e0 : � 1 _ � 2 Cb; x1 7! � 1; )` e1 : � b Cb; x2 7! � 2; )` e2 : � b

(Ca ; Cb); ) (
ª

.C+*9

e0
¬B´

x1:e1
¬h'

x2:e2) : � b

�

+*)7>4?�37¬h?C)

ª

.C3()5±�¶(37)

ª

.B6*)5¬C>(+&)7>�¶43,.

ª

9}¬B´G'�A4>’­m6*)5±X9/´µA4>

ª

6*)5¬C>�+:<h6*%49}6*'_.B>�+J3,.|6�9;DX6Q°v¶¦9

´µ¬C'�¶¦¬C)5>h6�9:'_+®2�9

ª

¬h±�9U+:¿

[[h� 1; � 2 i @� r ]] = 9� :
lin

Ë

:9
 : in t :nonh
ÍO>h6

(
 ); [[� r ]] , l in h� ; 
 7! [[� 1]]; 
 + 1 7! [[� 2]]ii

ÇUË



0�%49:'�9

� 1 , � 2
),+#.C>É.B2424'�9:¯v),.|6�)7¬h>…´µ¬h'

nonh� 1 ) � 2; � 2 ) � 1 i
·

�

¬h)7>b6�9:'	?h9
6�.C>(D

+J9:6&¬C¶¦9:'_.|6�)7¬h>(+€'�9
6�'*)59:¯h9�6*%49}±X9:±X¬C'�°

ª

.B¶(.C24)537)76*)59;+‘´µ'*¬h±

� r
<h¶¦9:'*´µ¬C'�± .S35¬h.CDX¬h'&+J6*¬h'*9h<

.B>(D³6*%49;>¹'*9

ª

¬C>�+Q6�)[6�A’6*9

� r
·4Ä4¬h'�9
Å4.B±X¶4359C<(.�?h9
6�¬C¶¦9:'_.|6�)7¬h>³2¦9

ª

¬h±X9;+;¿

[[
?h9
6

[er gn ](eptr :n)]] =
379:6

xr gn = [[er gn ]]
)5>

A4>4¶�.

ª

½

� ; xptr = [[eptr ]]
)5>�A4>4¶�.

ª

½


 ; x0
ptr = xptr

)7>

359
6

hxaddr ; x f i = x0
ptr

)5>�379:6

hxsplit ; x j oin i = x f
)5>

359
6

hx � ; x1; x2i = xsplit xr gn
)5>

359
6

hxn ; yi =
37¬b.CD

[xn ](xaddr + (n � 1))
)5>

l in hx j oin l in hx � ; x1; x2 i ; yi
¼®%49¹¬C>435° '*A(>’­=6�)7±X9¹¬C¶¦9:'_.|6�)7¬h>À)5>Ò6*%4),+

ª
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